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Abstract 
In this work, nonlinear analysis of an embedded cracked plate is performed by XFEM in presence of multiple discontinuities 
under plane stress condition. Von-Mises yield criterion is used to model the elasto-plastic behavior of the plate assuming 
isotropic strain hardening. The stress-strain response of the plate is modeled using Ramberg-Osgood material model. XFEM is 
used as a numerical tool to simulate the plate containing a major centre crack, holes and inclusions. A domain based J-integral 
approach is used to evaluate the stress intensity factors. The generalized Paris law is used to estimate the fatigue life of the plate 
under mode-I cyclic loading condition. The effect of inclusions and holes on the fatigue life of the component for linear and 
nonlinear material behavior is discussed in detail. 
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Nomenclature 
 Cauchy stress tensor  
b Body force per unit volume 
d  Plastic multiplier 
f  Yield function 
  Strain tensor 
epD  Elasto-plastic constitutive matrix 
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K  Stiffness matrix 
f  Force vector 
i  FE shape functions 
IK  Mode-I SIF 
IIK  Mode-II SIF 
ICK   Fracture toughness 
n  Hardening exponent 
E   
  
1. Introduction 
At present, the prediction of crack growth behavior becomes a major issue to ensure the reliability of the 
structures. In many cases (aerospace structures, engines and many other industrial applications), the fatigue crack 
growth leads to the catastrophic failure of the structures/components.  
Thus, there is need to analyze such structures/components accurately to get better service throughout their 
lifespan. Nowadays, numerous methods are available for crack growth modeling such as boundary element method 
[1-3], finite element method [4], and meshfree methods [5-7]. Though, the FEM has been widely used for the crack 
growth modeling it has some drawbacks. It requires a conformal mesh to model the crack and remeshing at each 
stage of crack propagation which is a quite cumbersome process. Also, to handle the asymptotic tip stress field at 
the crack tip it needs some special elements. So, in order to overcome these difficulties, a novel approach, known 
as extended finite element method (XFEM) [8-11] has been developed to simulate the fracture mechanics 
problems. By this technique, it is possible to model the crack mesh independently and crack growth without 
remeshing. In XFEM, modeling of crack growth and other arbitrary discontinuities (holes and inclusions) is done 
by enriching the standard FE approximation with some additional functions [9]. The level set approach [10-11] has 
been widely used to model the crack growth. 
Generally, it has been observed that the fatigue life of the components/structures is affected due to the presence 
of flaws (holes and inclusions). The fatigue life simulation of plate is already carried out by [12] in presence of 
multiple discontinuities with the linear analysis. Therefore, this paper presents the fatigue life simulation of a centre 
cracked plate in the presence of multiple discontinuities (holes and inclusions) for nonlinear material behavior. 
Under cyclic loading, some plane crack problems are solved in the presence of randomly distributed discontinuities 
of arbitrary size. A domain based J-integral approach is used to extract the stress intensity factor (SIF) values from 
XFEM solution. The maximum principal stress criterion [7, 12] is used to determine the crack growth direction. 
The generalized Paris law is used to determine the fatigue life from computed SIF values and crack extension. 
Under plane stress condition, some problems are solved by XFEM for linear and nonlinear material behavior. 
Finally, the fatigue life obtained using linear and nonlinear material behavior is compared. 
2. Numerical Formulation 
2.1. Governing Equations 
The equilibrium equation [4] can be defined as  
.  in    (1) 
where,  is Cauchy stress tensor and b  is body force per unit volume. The mathematical theory of plasticity 
[13] is used to obtain the stress-strain relationship for a material which exhibits an elasto-plastic response. By 
applying Von-Mises yield criterion with isotropic hardening, the complete stress-strain relation is obtained. The 
change of strain is assumed to be divisible into elastic and plastic strain components and it is given as 
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( ) ( )e pij ij ijd d d    (2) 
The flow rule applied in this work is associated flow rule i.e. the plastic potential function is equivalent to yield 
function and which is given as  
( ) pij
ij
f
d d    (3) 
where, d  is plastic multiplier and f  is yield function. An elasto-plastic incremental stress-strain relation can 
be written as 
epd d    (4) 
where epD  is the elasto-plastic constitutive matrix. The stress-strain relation is obtained based on associated 
theory [14] of plasticity, thus the matrix epD  becomes symmetric. However, when yield function is different than 
plastic potential function (non-associative flow rule), the matrix epD  becomes un-symmetric. 
2.2. Weak Formulation 
The weak form of governing equations can be written as [9] 
( ) : ( ) . .
t
d d d    (5) 
On substituting the trial and test functions and using the arbitrariness of nodal variations, the following discrete 
system of equations are obtained  
K d f    (6) 
where, K is the global stiffness matrix, d  is the vector of nodal unknowns and f  is the external force vector. 
2.2.1. Displacement Approximation for Crack, Inclusions and Holes 
The displacement approximation for 2-D body having multiple discontinuities such as cracks, inclusions and 
holes can be written as [11-12, 15] 
4
1 1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
A
n
h
i i i i i i ii i
i ir h
N
i ni n i n
i n
u x x u x x a x x b x c x x d   (7) 
where, 
iu  = nodal displacement vector associated with the continuous part of the FE solution; 
n  = set of all nodes in the mesh; 
rn  = set of nodes belonging to those elements which are completely cut by the crack; 
An  = set of nodes belonging to those elements which are partially cut by the crack; 
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( )H x  = the discontinuous Heaviside function, defined for those elements, which are completely cut by the 
crack; it takes the value +1 on one side and -1 on other side of the crack. 
ia  = nodal enriched degrees of freedom associated with ( )H x ; 
( )x  = the asymptotic crack tip enrichment functions, which are defined as  
1 2 3 4( ) , , , cos , sin , cos sin , sin sin
2 2 2 2
r r r rx   (8) 
where, ( , )r  is a polar coordinate system with its origin defined at the crack tip. For linear analysis, the value 
of exponent 0.5 , and for nonlinear analysis, the value of exponent 11 n , where n  is the hardening 
exponent which depends on the material. 
ib  = nodal enriched degrees of freedom vector associated with crack tip enrichment ( )x ; 
in  = set of nodes belonging to those elements which are cut by inclusions; 
hn  = set of nodes belonging to those elements which are cut by holes; 
ic  = nodal enriched degrees of freedom associated with ( )x ; where ( )x  is level set function which can be 
defined as  
( ) minx x - x    (9) 
where, x  is nearest point on the interface from the point x . 
ib  = nodal enriched degrees of freedom associated with ( )x ; where ( )x is the Heaviside function, which 
takes the value +1 for the nodes lying outside the hole and 0 for the nodes lying inside the hole. 
The elemental matrices K  and f  in "Eq. (6)" are obtained using the approximation function defined in "Eq. 
(7)". 
uu ua ub uc ud
ij ij ij ij ij
au aa ab ac ad
ij ij ij ij ij
e bu ba bb bc bd
ij ij ij ij ij ij
cu ca cb cc cd
ij ij ij ij ij
du da db dc dd
ij ij ij ij ij
K K K K K
K K K K K
K K K K K
K K K K K
K K K K K
K    (10) 
1 2 3 4 Th u a b b b b c d
i i i i i i i if f f f f f f f f   (11) 
The expressions of force vectors for crack are given by [12], so, in similar way the force vector associated with 
holes and inclusions can be written as  
( )
e
Trs r s
ij i j hdK C  where , , , , ,r s u a b c d   (12) 
( ) ( )
e
t
c
i i if x b x t    (13) 
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e
t
d
i i i i if x x b x x t   (14) 
where, i  are finite element shape function, 
u
i , 
a
i , 
b
i , bi , 
c
i  and 
d
i  are the matrices of shape 
function derivatives. The expressions of ui , 
a
i , 
b
i  and bi  matrices are given by [12], thus, in similar way 
the matrices of shape function derivatives associated with the holes and inclusions can be written as 
,
,
, , 3 8
i x
c
i i y
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x
x x
   (15) 
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0
x x
x x
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  (16) 
2.3. Computation of Stress Intensity Factor 
The interaction integral is an effective tool for extracting the mixed-mode stress intensity factors [12, 16-18]. 
For two independent equilibrium states of a cracked body, the interaction integral is given as 
2 1
1,2 1 2 1,2
1
1 1
i i
ij ij jA
j
u u q
M W dA
x x x
  (17) 
where, 1,2W  is the mutual strain energy and is given as  
1,2 1 2 2 1 1 2 2 11
2 ij ij ij ij ij ij ij ij
W   (18) 
2.4. Fatigue Life Calculation 
The crack growth direction is determined by using the maximum principal stress criterion which postulates that 
the crack growth occurs in a direction perpendicular to the maximum principal stress. Thus, at each crack tip, the 
local direction of crack growth c  is determined by the condition that the local shear stress should be zero, i.e.  
sin 3cos 1 0I c II cK K    (19) 
The solution of above equation gives  
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2 2
1 82 tan
4
I I II
c
II
K K K
K
   (20) 
According to this criterion, the equivalent mode-I SIF is  
3 2cos 3 cos sin
2 2 2
c c c
Ieq I IIK K K    (21) 
The generalized Paris law is used to calculate the fatigue life [7], which is defined as  
m
Ieq
da
C K
dN
   (22) 
where, a  is crack length, N  is number of loading cycles, C  and m  are material properties and IeqK  can be 
obtained with IK  and IIK  from "Eq. (21)". The crack becomes unstable whenever IeqK  exceeds ICK  where 
ICK  is the fracture toughness of the material.  
3. Numerical Results and Discussion 
In this work, the fatigue life is evaluated for a centre cracked plate in presence of multiple discontinuities such 
as holes and inclusions. The discontinuities are distributed randomly in the material. The holes and inclusions are 
circular in shape and their radii vary from 3.5 to 4 mm. The generalized material model of Ramberg-Osgood is 
used to model the elasto-plastic material behavior which is given as [19]  
1/n
E H
   (23) 
where, H  is strength coefficient and n  is strain hardening exponent. The value of 0.0946n  is used for all 
simulation problems. It should be noted that, the SIF values are computed based on the same criteria i.e. for same 
value of strain hardening exponent 1n  in linear and nonlinear analysis but stress computation methodology is 
different in these cases.  
The material (Aluminum 7075 T-6) properties [12, 20-21] used for the simulations are  
Elastic Modulus                              71.7GPaE  
Elastic Modulus for Inclusions       20GPaE  
Poisson Ratio for Material              0.33  
Poisson Ratio for Inclusions           0.3  
Fracture Toughness                        29 MPa mICK  Paris Exponent                                3.21m  
Paris Constant                                86.85 10C  
The plane stress condition is assumed in the simulations. A centre cracked rectangular specimen of size 
mm200mm100  is used for two simulation problems. The specimen subjected to a cyclic tensile load which is 
applied at the top edge while the bottom edge is kept constrained. The domain is discretized into four noded 
Lagrangian type quadrilateral elements. The higher order Gauss quadrature is used in the region near the 
discontinuity. The effect of various discontinuities on the fatigue life of component is analyzed. A comparison of 
the results obtained from linear and nonlinear analysis is discussed. The effect of yield stress on the fatigue life is 
also analyzed. 
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3.1. Plate with a Centre Crack and Holes 
A specimen of size 100 mm 200 mm  with a centre crack of initial length 20 mma  containing randomly 
distributed thirty holes of radii vary from 3.5 mm to 4 mm is taken for simulation shown in Fig 1a. A cyclic tensile 
load of min 0 N/mm  and max 60 N/mm  is applied at the top edge of the specimen while the bottom edge 
is constrained in y-direction. A regular mesh of 60 by 120 nodes is used for the simulation. 
Fig. 1. (a) Centre cracked plate with multiple holes; (b) Stress contour plot ( yy ) for centre crack plate in the presence of multiple holes 
An equal crack increment of 2 mm is given at each tip for each step and crack is propagated until its final failure 
i.e. when IeqK  exceeds ICK . The fatigue life is evaluated using Paris law from SIF values computed at each stage 
of crack growth. The stress contour of yy  is shown in Fig 1b. Fig 2 shows the variation in the plastic zone size 
due to the difference in yield stresses. The fatigue life obtained by XFEM is plotted with crack extension as shown 
in Fig 3a. The SIF variation against crack extension is shown in Fig 3b. In case of linear analysis, the fatigue life is 
found as 157260 cycles whereas in case of nonlinear analysis, the fatigue life is found as 149300 and 147230 
cycles corresponding to the yield strength of 520 MPa and 200 MPa respectively. Thus, in case of nonlinear 
analysis, the fatigue life is reduced by 5.06% and 6.38% corresponding to the yield strength of 520 MPa and 200 
MPa respectively.  
 
 a b 
                   
Fig. 2. Plastic zone with (a) Sy = 520 MPa; (b) Sy = 200 MPa for the centre crack plate in the presence of multiple holes 
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Fig. 3. (a) Fatigue life of the centre crack plate in the presence of multiple holes; (b) SIF variation for the centre crack plate in the presence of 
multiple holes 
3.2. Plate with a Centre Crack and Inclusions 
A centre cracked specimen along with randomly distributed inclusions is modeled for fatigue crack propagation. 
A specimen of size mm200mm100  with a centre crack of initial length mm20a  containing thirty 
inclusions of radii vary from 3.5 mm to 4 mm is taken for simulation shown in Fig 4a. All the modeling conditions 
i.e. loading, boundary conditions, mesh size and crack increment are kept similar to problem 3.1. The fatigue life is 
evaluated using Paris law from SIF values computed at each stage of crack growth. The stress distribution of yy  
is shown in the Fig 4b. Fig 5 shows the variation in the plastic zone size due to the difference in yield stresses. The 
fatigue life obtained from XFEM solution is plotted with crack extension as shown in Fig 6a. Fig 6b shows the SIF 
variation against crack extension. The fatigue life is found as 147580 cycles in case of linear analysis whereas in 
case of nonlinear analysis, the fatigue life is found as 147210 cycles and 146280 cycles corresponding to the yield 
strength of 520 MPa and 200 MPa respectively. 
Fig. 4. (a) Centre cracked plate with multiple inclusions; (b) Stress contour plot ( yy ) for centre crack plate in the presence of multiple 
inclusions 
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 a b 
                   
Fig. 5. Plastic zone with (a) Sy = 520 MPa; (b) Sy = 200 MPa for the centre crack plate in the presence of multiple inclusions 
Thus, in case of nonlinear analysis, the reduction of 0.25% and 0.88% is observed in fatigue life corresponding 
to the yield strength of 520 MPa and 200 MPa respectively. 
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Fig. 6. (a) Fatigue life of the centre crack plate in the presence of multiple inclusions; (b) SIF variation for the centre crack plate in the presence 
of multiple inclusions 
4. Conclusion 
The fatigue life of a centre cracked rectangular plate is carried out in the presence of multiple discontinuities 
using XFEM. The plasticity modeling is performed using Von-Mises yield criterion and isotropic hardening. The 
generalized Ramberg-Osgood material model is used to simulate the problems under plane stress condition. All the 
simulations are performed under constant amplitude cyclic loading. A domain based J-integral approach is used to 
compute SIF values from XFEM solution. The fatigue life is evaluated using generalized Paris law at each stage of 
crack growth. A negligible difference is observed in results obtained using linear and nonlinear analysis at higher 
yield stress as compared to lower yield stress. It is also observed that the presence of holes significantly affects the 
fatigue life of the plate as compared to inclusions. Moreover, it is seen that XFEM can be easily extended to 
fatigue crack growth modeling in the presence of discontinuities. 
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